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Fix an algebraic number field K and an irreducible (complex) character x 
of some finite group G. Assume K = K(X) contains the values of x so that 
the simple component A = .4(x, K) of the group algebra KG determined by 
1 is central over K. It is a basic consequence of the Brauer-Witt theorem 
that A is a so-called cyclotomic algebra (see [lS]). We exhibit here a 
slightly different point of view, namely that of constructing a “represen- 
tation group” for A, similar to the concept used in Clifford theory. 
From class field theory it is known that the order of the class [A] of A 
in the Brauer group Br(K) equals its index m,(x). It suffices to study the 
primary components of [A]. So fix a prime p and let [A], denote the p- 
component of [A] in Br(K). Let K, be the field obtained from K by adjoin- 
ing the nth roots of unity. If n = exp(G) then by Brauer K, is a splitting 
field for A (and G). We shall see that there is a field L s K, with p-power 
degree over K such that 
[A], E H2(L/K) = H’(Gal(L/K), L*). 
Unfortunately there is no unique minimal splitting field L, in general. 
Nevertheless, we seek for a “small” extension M H P -H P/M of finite 
groups, with M abelian, a homomorphism f: Gal(L/K) -+ P/M (making M 
into a Galois module) and a compatible homomorphism p: M -+ L* such 
that the change of groups (f, p) induces a homomorphism H*(P/M, M) + 
H*(L/K) mapping the cohomology class of the group extension onto [A],. 
Of course, this can be only expected when [A], can be represented by a 2- 
cocycle with values in the roots of unity. But this holds true thanks to 
Brauer-Witt. 
Our approach is quite standard in that we reduce, as usual, to pf 
elementary subgroups ( = K-elementary with respect to the prime p). Let us 
call a pair (H, [) a prreduction for (G, x) if 
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(*) H is isomorphic to fi/ker(r) for some irreducible character i of 
some p=elementary subgroup fi of G satisfying 
[K(P):K](p, x) f Omod p. 
(**) [.= p as a (faithful) character of H (via /? -H H), and [ is K(i)- 
primitive, that is, whenever c = i,” is induced from some proper subgroup 
of H, then K(i) does not contain the values of to. 
It follows from Brauer’s (generalized) induction theorem that such a pair 
(H, [) always exists. In this situation m,(c) is the p-part of the Schur index 
m,(x). Moreover, H is a prelementary group and so we have a “natural” 
Galois action on its cyclic normal p-complement. Thus H is a candidate for 
a representation group. 
THEOREM. Let (H, [) be a p,reduction for (G, x) and let rn,(~)~ = p” be 
the p-part of the Schur index (p prime, a > 0). Write H = PY, where Y is the 
cyclic normal p-complement and P is a Sylow p-subgroup of H. Let 
L,, s K, y, be the largest intermediate field with [L, : K] being a power of p. 
The following hold: 
(i) The K-action of P on Y induces an epimorphism P + Gal(L$K). 
Its kernel C,(Y) = O,(H) is either cyclic or p = 2 and this is a nonabelian 
group having a cyclic maximal subgroup. The latter (exceptional) case can 
only happen when a < 1 and J-16 L, and, choosing a P-invariant cyclic 
subgroup Z of C,(Y) of order 4, we have a unique lifting 
P ++ Gal(L,(fi)/K) of the action such that C,(Z)fixes fi. (Z is uni- 
quely determined unless C,(Y) is a quaternion group of order 8 and P is a 
central product with it as a factor.) 
(ii) Define L = L,(& 1) and M = C,( YZ) in the exceptional case, 
and let L= Lo, M= C,(Y) otherwise. Then we have an isomorphism 
f: Gal(L/K) % P/M inverse to the one induced by the Galois action of P. 
Furthermore, there is a compatible homomorphism u: M+ L* which, 
together with f, yields a homomorphism H2(P/M, M) + H2(L/K) mapping 
the cohomology class of M w P + P/M onto [A],. If K contains the pth 
roots of unity, p can be chosen to be injective. 
(iii) p” divides the order of M n Z(P) and the exponent of P/M. 
We shall call (P, f, ,u) a representation group for [A], associated to 
(H, [). In case K contains the pth roots of unity, p may be taken as a linear 
constituent of [,. The function f depends only on the Galois conjugacy 
class of x (over the rationals). 
This has a interesting consequence. Let !P be the rth Adams operation 
on the character ring for some integer r. If r is prime to exp(G), then 
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V(x): gHx( g’) is an irreducible character (see [15, p. 691, or [12]). It is 
immediate that then (H, Y(c)) is a p=reduction for (G, Y(x)) and 
(P, f, p’) is an associated representation group. This holds for all primes 
and so we get the following description of the generators for ([A] ) in the 
Brauer group: 
COROLLARY. Zf r is prime to exp(G), then [A( Y’(x), K)] = [,4(x, K)]‘. 
Of course, one can iterate the reduction process by choosing a pKCIj- 
reduction for (H, [), and so on, up to what may be called a minimal 
representation group. But there is no further really interesting outcome. 
(The cyclic normal p-complement of such a minimal group has square-free 
order; only those primes q occur for which q - 1 is divisible by p and K 
does not contain the qth roots of unity. Also, the kernel of the Galois 
action of a Sylow p-subgroup will be in the Frattini subgroup unless p = 2 
and Q8 occurs as a central factor.) 
Although parts of the theorem are known, for the sake of clarity we shall 
present a rather complete proof (modulo Brauer’s induction theorem and 
some facts from class field theory). Several applications are included show- 
ing that the theorem covers various outstanding results on the Schur index. 
Basic references for character theory (Schur indices) are Feit [S] and 
Serre [ 151. All results on cohomology of groups or number theory or class 
field theory used in this paper can be found in Cassels-Fr6hlich [3]. 
1. SOME LEMMAS 
We need a very special cohomological result whose proof will be based 
on the following fact which is certainly known (to the experts). 
LEMMA 1. Let x he a central element of some group G. Then 
rnH [m, x] =m(x- 1) is a G-endomorphism of any (right) G-module A4 
which induces the zero map on every homology or cohomology group. 
Proof. The assertion is obvious in dimension zero, because H,(G, M) = 
M/CM, G] and P(G, M) = C,(G), and follows from that by dimension- 
shifting. 4 
LEMMA 2. Suppose A4 is a G-module where A4 is a finite cyclic group and 
G is abelian. Then the exponent of H”(G, M) divides the order of @(G, M). 
(The lemma is trivial in case G is finite cyclic, because then the order of 
H”(G, M) for n > 1 equals that of the Tate cohomology @(G, M).) 
Proof: Without loss we may assume that A4 is a p-group for some 
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prime p and so is “uniserial.” Let cp be a (standard) n-cocycle of G in M 
whose cohomology class [q] has maximal order (dividing IMI). For any 
n-tuple u E G” and any x E G, q”(u) = cp(xux~‘)x = cp(u)x as G is abelian. 
Hence 
By Lemma 1 we know that cp Xp ’ is a coboundary. Choose x such that 
cpo= q- has largest possible order (in the group of n-coboundaries). 
Since M is serial, there exists u such that N= (q(u)) is the value group of 
cp. It is easy to see that then No = (cpO(u)) is the value group of cpO. Also, 
for any integer r, rep(u) generates the value group of rep. 
We conclude that G centralizes N/N,, and that the order of [q] divides 
1 N/N,I. Since A4 is a cyclic p-group, G centralizes also a subgroup of M of 
order IN/N,l. 1 
LEMMA 3. Let M be a cyclic p-group for some prime p, and let G be a p- 
automorphism group of M. In case p = 2 assume that IC,(G)l 2 4. Then 
H*( G, M) = 0 for all n > 1. 
Proof: By assumption G = (x), where x is of the form m +-+m( 1 + p”) 
with 1 C,(G)1 = p”. Now one checks that i?(G, M) = 0 by norm (trace) 
computation. 1 
LEMMA 4. Let G be a finite p-group having a noncyclic normal subgroup 
P (p prime). Assume every G-invariant abelian subgroup of P is cyclic. Then 
p = 2 and P is a dihedral, semidihedral or (generalized) quaternion group. 
Proof This can be verified on the basis of P. Hall’s classification of the 
p-groups all of whose abelian characteristic subgroups are cyclic [ 11, 
Satz 111.13.101. However, it is more convenient to argue directly using 
induction on IPI. So let M be a maximal G-invariant subgroup of P. Then 
lP:MI = p, and one of the following two cases must happen: 
Case 1. M is cyclic. 
The structure of p-groups having a cyclic maximal subgroup is well 
understood. Since Q,(P) is not elementary abelian of order p2, we must 
have p = 2 and we may exclude the fourth 2-group of this type when 
IPI > 8. 
Case 2. M is a dihedral, semidihedral or quaternion group (p = 2). 
Here the centre Z(M) has order 2. As in the proof for Hall’s theorem one 
sees that the Frattini subgroup @(P) of P is cyclic and that C = C,(@(P)) 
has index 1 or 2 in P. Since IM: @(M)I = 4 and Q(M) E Q(P), either 
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IP: @(P)J = 4 or Q(P) = Q(M). In the first case P has a cyclic maximal sub- 
group, as desired. 
Assume G(P) = d>(M). If C = P, then Q(P) = Z(M) has order 2. But then 
P would be an extraspecial group of order 16, which is impossible. Thus C 
is a proper G-invariant subgroup of P with index 2. If C is noncyclic, the 
induction hypothesis yields that Q(P) = Z(C) has order 2, and we get the 
same contradiction. If C is cyclic, then 1 P : @( P)I = 4 and so Q(P) # a(M). 
We are done. 1 
Remark. It is perhaps surprising that the extraspecial 2-groups do not 
occur. Via the usual interpretation of their outer automorphism groups as 
orthogonal groups, the lemma tells us that the Sylow 2-subgroups of 
0’(2n, 2) always fix a nonzero totally singular subspace. Of course, this 
can be verified directly. 
2. p&LEMENTARY GROUPS 
Usually these groups are defined with regard to some underlying group 
(as K-elementary subgroups with respect to the prime p). For our purpose 
the following definition is appropriate: A semidirect product H= PY of a 
cyclic P-group Y by a p-group P is p=elementary if for any faithful linear 
character 1 of Y the trace character Tr K,I.j,K(IZ) is P-invariant. Using that 
field automorphisms can be extended to Galois extensions, one sees that 
this agrees with the usual definition (cf. Serre [ 15, p. 971). 
Of course, ;1 may be replaced here by any other faithful linear character 
of Y. To any x E P there exists a unique element (T, in Gal(K(A)/K) such 
that Lx,, = 1. (By definition, n-yy)=l(y”-‘)=I(xyx-‘) and 
AUr( y) = A( y)“x for y E Y.) The map XH cr is a homomorphism 
P -+ Gal(K(A)/K), independent of the choice of 2, which defines the “K- 
action” of P on Y. 
It is immediate from this that subgroups and quotient groups of PET 
elementary groups are p=elementary! (This seems to be at least 
questionable in Yamada [18].) It is trivial that p=elementary groups are 
p,-elementary for all sublields k of K. 
PROPOSITION 1. Suppose H = PY is p,elementary. Let F/K be a finite 
extension. Then H is p,elementary provided one of the following conditions 
is satisfied: 
(a) PY, is p,elementary for all subgroups Y, of Y of prime order. 
(b) [F:K] is prime to p. 
Proof. Let A be a faithful linear character of Y. 
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(a) We may assume that Y is a q-group for some prime q (Zp). Let 
2, = 2 rO. To every x E P there exists a unique rrO E Gal(F(&)/F) such that 
1x*0 = 1 
0 o. This co is a p-element. There is a unique p-element 
cr E Gal(F(A)/F) lifting co (as p # q). By uniqueness 2”” = A, as desired. 
(b) Let E be the fixed field of P on K(i). Clearly H is pgelementary and 
[K(1) : E]. is a power of p. Since [F: K] is prime to p by hypothesis, 
Ez Fn K(A) and therefore 
via restriction. This gives the assertion. 1 
COROLLARY. A p=elementary group H = PY is p-elementary tf K con- 
tains the qth roots of unity for all primes q dividing 1 YI for which q - 1 is 
divisible by p. 
3. F-PRIMITIVE CHARACTERS 
The notion of an F-primitive character is due to Roquette [ 141 (see also 
[ 131). For convenience we collect some (known) facts to be used later. 
PROPOSITION 2. Suppose [ is a faithful irreducible character of some 
group H. Assume [ is F-primitive where F= F(c). Let N be an abelian normal 
subgroup of H and let A be an irreducible (linear) constituent of iN. Then: 
(a) N is cyclic. 
(b) 1 is faithful and TrF(IJ,F(I) is H-invariant. 
(c) H/C,(N) is isomorphic to Gal(F(i*)/F). 
(d) Zf C,(N) = N, then [ = AH. 
Proof: Let T= I,(n) be the inertia group of I in H. Let 8 be the 
homogeneous component of [ with respect to I,, that is, 13 is the unique 
character of T such that BH = [ and 8, = e2 for some integer e 2 1 (Clif- 
ford). Clearly II, = Tr F(I),F(Iz) is an irreducible F-character and Ho = ZH(I,) 
contains T as a normal subgroup. In fact, to every x E Ho there exists a uni- 
que cX E Gal(F(A)/F) such that I ‘O’ = & and XH or is a homomorphism 
Ho -+ Gal(F(A)/F) with kernel T. This is an epimorphism as F= F(c). 
Hence 
H,/TrGal(F(A)/F). 
Now co = OH0 is an irreducible character of H, and, by uniqueness, (iO)T is 
a sum of Galois conjugates of 8. It follows that F([,) = F. But [ = BH = [,” 
and so Ho = H, co = [ by F-primitivity of [. 
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Now iN = ([T)N = eA,; in particular, AF is H-invariant. Since [ is faithful 
and all Galois conjugates of J. have the same kernel, 2 must be faithful as 
well. Hence N is cyclic and T= C,(N). This completes the proof. 1 
4. PROOF OF THE THEOREM 
We begin by proving the existence of a p,-reduction for (G, x). By 
Brauer’s generalized induction theorem there exist irreducible K-characters 
oi of pKelementary subgroups Hi of G such that 
for integers ri, r, with r prime to p (Theorem 28 in Serre [ 151). Multiply 
this identity with x and take then the scalar product with x. Using 
Frobenius reciprocity we obtain 
r= (rx, x> =C r,<xH,Oi, xH,). 
Hence p does not divide ( xH,fIi, xH,) for some i, say for i = 0. Since 
K(X) = K and since 8, is a K-character, xHOOO is a sum of trace characters 
over K. There is an (absolutely) irreducible constituent lo of ~~~0~ such 
that 
(* 1 (TrK,IOjjK (LA xlrcl) = CNId:KI<I,, xHo) f 0 mod P. 
Now let fi be a subgroup of H, minimal subject to having a character g 
such that co = i’“D and K(r) G K([,). Then fi is still p=elementary and r is 
K(r)-primitive. Also, condition (*) (with H,, co replaced by A, i) holds by 
Frobenius reciprocity. Set finally H= fi/ker(r) and view [ = r as a 
(faithful) character of H. Then (H, i) is a p,-reduction for (G, x). 
Proof of(i). Let (H, [) be an (arbitrary) p,reduction for (G, x). Write 
H= PY where Y is the cyclic normal p-complement and P is a Sylow p- 
subgroup of H. Let L, be the largest subfield of K, ,, ( = field obtained from 
K by adjoining the 1 Ylth roots of unity) with p-power degree over K. 
Let J’= K(c). Since [F:K] is prime to p, H is prelementary by 
Proposition 1. From Proposition 2 it follows that restriction to LO of the 
Galois F-action of P gives an epimorphism P -++ Gal(L,/K) with kernel 
M, = C,( Y). Hence 
P/M, E Gal( L,/K). 
By the structure of H it is clear that M, = O,(H). The P-invariant sub- 
groups of M, are precisely the normal subgroups of H contained in MO. 
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Application of Proposition 2(a) and Lemma 4 yields that M, is either cyclic 
or p = 2 and M,, is a dihedral, semidihedral or quaternion group. 
Assume the latter (exceptional) situation. Choose a cyclic P-invariant 
subgroup Z= (z) of M, with order 4. This Z is unique unless M, is a 
quaternion group of order 8 and P is a central product with M0 as a factor. 
Since Z(M,) has order 2, 1 P: C,(Z)1 = 2 and 
M = C,( YZ) = C,(Z) n M, 
is a cyclic maximal subgroup of M,. Clearly N= MY is a cyclic normal 
subgroup of H. Let I be a linear constituent of [,,,. By Proposition 2, A is 
faithful. Hence n(z) = f n. Assume &l E Lo. Since L, c K(1 y) and 
M, is the kernel of the K-action of P on Y, this would imply that z is cen- 
tral in MO, a contradiction. Thus L = L,(G) is a proper extension of LO. 
We may lift the given action in a unique way to an epimorphism 
P +-+ Gal(L/K) such that C,(Z) fixes fi. 
From (iii) it will follow that a < 1 in the exceptional case. This will not 
affect our further considerations. 
Proof of (ii). Define L = L, and M = C,( Y) in the nonexceptional case. 
Then, at any rate, we have an isomorphism 
f: Gal(L/K) r P/M 
inverse to the one induced by the Galois action of P. Write r= Gal(L/K). 
We shall sometimes identify f with Gal(LF/F). 
As above, let N= MY and let A be a linear constituent of iN. By con- 
struction C,(N) = N is cyclic and H/N2 P/M is abelian. From 
Proposition 2 it follows that H/NzGal(F(A)/F). We conclude that 
F(A) = LF 
Since [F:K] is prime to p but [L:K] is a p-power, either K(/~,)c L or p 
is odd and K does not contain the pth roots of unity. 
Regard N (and M) as a (right) P/M-module via conjugation in H, and 
as a r-module via f: For all d E r, s E N we have 
Hence 2 is a r-homomorphism and (A A) is a change of groups. We first 
view A=I, as a homomorphism M-+ F(l)* and study the induced 
homomorphism 
[A]: H’(P/M, M) -+ H2(F(A)/F). 
Choose t, of for any d E f, and let n(a, 2) = t,t, t;’ be the 
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corresponding factor set. Its cohomology class [rt ] E H*(P/M, M) describes 
the equivalence class of M HP -H P/M, and [A] maps [n] onto the 
cohomology class of the cocycle a = ml, 
We claim that [a] = [A([, F)]. Let (F(1), r, a) = @ u,F(l) be the usual 
crossed product algebra. This algebra is F-isomorphic to A([, F). In fact, 
A(c, F) can be identified with the eveloping algebra of an F-representation 
p of H affording m,(-(5)(, and it is easily verified that p(t,s)1-+~,1(~) is an 
isomorphism as desired (a E r, s E A’). In particular, mF(c) is a power of p 
as [In] is a p-element. (Of course, this could be derived from the structure 
of H.) 
We next prove that [A(c, F)] = [,4(x, F)],. This is likewise standard 
(see [ 18, p. 3 11). Let X = ‘Y- ‘(x) be the complex conjugate character to x. 
One realizes that [,4(X, F)] = [A(x, F)] -’ (a special case of the corollary 
to the theorem). Thus 2 0 2 is an F-character of G x G. Let (8, r) be a 
preimage in G of (H, 0. Then xR 0 X = (x @ X)RX G can be written in F and 
so rnJr@j) is a divisor of 
The identity is by straightforward computation. We infer that the index of 
is prime to p. This gives the statement. In particular, mF([) = pU noting 
that [F:K] is prime to p. 
Pick r E Gal(F(l)/K). Then x = x7 and (H, CT) is a p=reduction for (G, x) 
as well. Also, (f, i’) is a change of groups inducing a homomorphism 
[13’]: H2(P/M, M) + H2(F(i)/F) which, as above, maps [x] onto 
[A(x, F)],. But A’ = A’ for some integer Y, and [j.‘] = [nlr. It follows that 
the order of [A(x, F)], divides r - 1. But this order is just p” (by class field 
theory). Consequently r fixes the p”th roots of unity. As r was an arbitrary 
element in Gal(F(J)/K), we conclude that K contains the p”th roots of 
unity. (We have regained a theorem of Benard-Schacher [2].) 
Now define p: M + L* by p = A,,,, if K contains the pth roots of unity, 
and let p= 1, otherwise. Then again (f, p) is a change of groups inducing 
a homomorphism 
[p]: H2(P/M, M) + H’(L/K). 
We assert that [p] maps [rc] onto [A],. This is obvious now in case K 
does not contain the pth roots of unity. Otherwise consider the maps 
H*(LIK) -=+ H2( LF/K) --=+ H*( LF/F). 
Since [L: K] is a power of p and [F: K] is prime to p, composition of 
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these maps is an injection. (The inflation is injective thanks to Hilbert 90; 
cf. [3, p. 125-J.) Since p = A, here and since LF= F(1), [p]([n]) is thereby 
mapped onto [A]( [n]) = [A(x, F)],. Hence the assertion. 
Proof of (iii). By (ii) the cohomology class [rc] of A4 w  P -++ P/M is 
mapped homomorphically onto [A],. Thus the order of [n] is divisible by 
p”. From Lemma 2 it therefore follows that p” divides the order of 
MnZ(P). (From this and (ii) one gets again that K contains the p”th 
roots of unity.) 
For the proof of the final statement we use once more that p” is the 
order of [A],EH'(L/K). We also use that P/M is isomorphic to 
r= Gal(L/K). By the Local-Global Principle there is an injection 
O+H2(L/K)+ H2(L,/K,), 
where u runs through the distinct (equivalence classes of ) valuations of K, 
K, being the corresponding completion and L, = LK, being a fixed exten- 
sion [3, p. 1851. There is thus v such that the image of [A], in H2(L,/K,) 
has order pa. Fix this u in the sequel. 
Without loss we may assume that p” > 2. This forces that u is non- 
archimedean lying over some prime q, say. By construction [A], has a 
representing cocycle with values in the roots of unity. Hence LJK, is 
ramified. Since L = L, c_ K, y, by (i), q must be a divisor of 1 YI. Let 
E= K, n L and E,, = EK,,. Then, in view of Proposition 1, LJE, is 
unramified. Consider the exact sequence of cohomology groups (cf. [3, 
p. 1251): 
0 + H2(E,/K,)-2f, H2(L,/K,)a H2(L,/E,). 
Since LJE, is unramitied, the image of [A], in H'(L,/E,) is zero. We con- 
clude that p” divides the exponent of H2(EJK,). (This is a cyclic group of 
order [E,:K,], but we do not need that.) 
Of course, Gal( E,/K,) is a cyclic group (of order dividing q - 1). On the 
other hand, Gal(E,/K,) is the decomposition group of u within E and so is 
a section of r. By a standard result on cohomology of finite groups, the 
exponent of H'(E,/K,) divides the order of Gal(E,/K,). Hence pa divides 
ev(O. I 
5. PROOF OF THE COROLLARY 
Basically the relevant argument has been already given above. Choose an 
integer r prime to n = exp(G). Let z be the element of Gal(Q,/Q) mapping 
a primitive nth root of unity to its rth power. Then 
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(see [ 15, p. 951). Now fix a prime p and let (P, S, cl) be a representation 
group associated to some pKreduction (H, <) for (G, x). Then (H, [‘) is a 
p=reduction for (G, x’) and (P, f, p’) is the associated representation 
group. The induced map on cohomology is [p’] = [$I = [p]‘. Con- 
sequently [A(x’, K)], = [A(x, K)]‘. S’ mce this holds true for any prime p, 
the corollary follows. 1 
6. COMPLETIONS 
By the Local-Global Principle we may investigate the Schur index m,(x) 
by passing to the various completions. A detailed discussion of cyclotomic 
algebras over local fields can be found in Yamada [ 181. We describe here 
merely the behaviour of representation groups (resp. p=reductions). 
Let us fix a prime p and a p=reduction (H, [) for (G, 1). Assume 
notation as in the theorem. Let further denote r=Gal(L/K). For any 
valuation u of K, let K, be its completion and L, = LK,. Recall that 
f I/ = Gal(LJK,) is (isomorphic to) the decomposition group of any 
valuation of L lying over u. 
PROPOSITION 3. Let P,/M be the image of r, under the isomorphism 
f: rs P/M. Let H, = P,Y and let [, be an irreducible constituent of cH,,. 
Then (H,, [,) is a p,b-reduction for (G, x). 
Proof: By definition H, is pKL-elementary. Let F= K(r) and let 
F, = 1°K”. Let 1 be a linear constituent of ([v)N, where N = MY. Since 
C,(N) = N and [ is F-primitive, [ = AH by Proposition 2. We infer that 
[, = AH” is invariant under r,z HO/N. Hence F&4’,) = F,. Moreover, 
i = (iL.lH, which gives us condition (*) of the definition for a p,,:reduction 
for (G, x) by means of Frobenius reciprocity. 
It remains to show that i, is F,-primitive. Let i, = [p for some character 
lo of some subgroup HO of H,. Since i,( 1) is a power of p, we must have 
H, = P, Y for some subgroup P, c P,. Replacing I by some conjugate, if 
necessary, we may conclude that co = E,Ho and that F,([,) is the fixed field 
under P,. Therefore F,([,) = F, only when H, = H,. 1 
In particular, (P,, fr,, p) is a representation group for [A(x, K,)],. 
7. SOME APPLICATIONS 
The theorem covers and explains various results on the Schur index. We 
give some typical examples. Whenever it makes sense, the notation of the 
theorem will be assumed. 
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APPLICATION 1 (Roquette). Suppose G is a p-group for some prime p. 
Then m,(X) = 1 unless p = 2 and - 1 is not a sum of 2 squares in K. 
Proof: We have m,(X) = m,(X)p here. Let (H, [) be a p=reduction for 
(G, x). By the theorem either P = H is cyclic or p = 2 and P is a dihedral, 
semidihedral or quaternion group, and L = K4 is a proper extension of K. 
Dihedral ‘and semidihedral groups split over their cyclic maximal sub- 
groups. Thus m,(X) = 1 unless P is a quaternion group and - 1 (generating 
the image of a suitable factor set) is not a norm in K,/K. 1 
APPLICATION 2 (Fong-Solomon). Fix a prime p. Suppose K contains 
the qth roots of unity for all primes q dividing exp(G) for which q - 1 is 
divisible by p. Then m,(X)p = 1 unless p = 2 and - 1 is not a sum of 2 
squares in K. 
Proof: By Proposition 1 the hypothesis forces that every p<elementary 
subgroup of G is p-elementary. We are in a situation as above. 1 
APPLICATION 3 (Ford). Suppose m,(X)p = p” > 2 for some prime p. 
Then there exists a prime q such that 
(i) G contains an element of order p”q, and 
(ii) pa divides [K,: K] (which is a divisor of q - 1). 
Proof: Let (H, [) be a p=reduction for (G, x), as usual. By the theorem 
P/MzGal(L/K) where L c K,,, , and p” divides (M n Z(P) j and exp( P/M). 
There must be a prime divisor q of 1 YI such that p” divides [K,: K]. 
Noting that Mc C,(Y) is cyclic, we find an element of order p”q in H, 
hence also in G. 1 
APPLICATION 4 (Goldschmidt-Isaacs). Assume the Sylow p-subgroup 
of Gal(K,,/K) is cyclic (n = exp(G)). Then m,(X)p = 1 unless p = 2 and - 1 is 
not a sum of 2 squares in K. 
Proof: Let (P, A ,u) be a representation group associated to some pK 
reduction for (G, x). Since P/M is an epimorphic image of Gal(KJK), it is 
cyclic. In the exceptional case (for p = 2) this is only possible when 
P= C,(Y) is a quaternion group of order 8. This has been already handled. 
So assume that M= C,(Y), L c K,,, . Replacing P by a cyclic subgroup 
covering P/M, if necessary, we may assume that P itself is cyclic. 
We may further assume that p is nontrivial and injective. Since M is cen- 
tral in P now, this implies that K contains the lM[th roots of unity. Let E 
be a primitive 1 Pith root of unity. Then K(E) c K, with [K(E): K] dividing 
(P/MI = [L: K]. The hypothesis forces that K(E) c L. We have m,(X)p = 1 if 
SCHUR INDEX 113 
and only if p(M) c N&L*). But NLIK(s) generates p(M) unless p = 2 and 
J-1 # K. (Use Lemma 3 or prove this directly.) 
We are left with the case that p = 2, fi # K ((MI = 2). In view of the 
Hasse Norm Theorem [3, p. 1851) it suffices to show that - 1 E NL,,KO(Lz) 
for all non-archimedean valuations u of K. This is clear if LJK, is 
unramified. Since K(E) E L E K, ,, , this holds except when v lies over an 
(odd) prime q dividing 1 Y( and K,(E) is a proper subfield of 
E, = (K,n L)K,. We used that LO/KU is a cyclic extension of 2-power 
degree and that LO/E, is unramilied. But as above we may assume in 
addition that fi$ K,. This implies that q = 3 mod 4 and that 
[E, : K,] = 2. However, then E E K, and so P = A4, L = K. We are done. l 
APPLICATION 5 (Benard). Suppose v, w are non-archimedean valuations 
of K lying over the same prime. Then m,,(X) = m,,(X). 
Proof. If K is a cyclotomic extension of the rationals, this is valid in 
view of conjugacy of u, w  and the corollary to the theorem. The general 
case follows by local class field theory [ 3, p. 13 11. 1 
APPLICATION 6 (Witt). Let v be a non-archimedean valuation of K over 
the prime q. Then m,,(X) divides [(K,), : K,] unless q = 2 and J-1 4 K,, in 
which case m,,(X) d 2. 
Proof: Pick a prime p and consider the usual p=reduction for (G, x). 
By the theorem LJK, is unramilied except when q = p = 2 and &l$ K, 
or q # p is an (odd) divisor of 1 YI and (K,), #K,. Now argue as in the 
proof for the final statement of the theorem. 1 
APPLICATION 7 (Gow). Suppose v is a real valuation of K (so that x is 
real-valued). Let (H, [) be a 2Kreduction for (G, x). Then, with the notation 
of Proposition 3, 1 PO/MI = c,( 1) 6 2 and equality holds precisely when L is 
not real (L # K, P # M). Furthermore, m&) = 2 if and only if P, inverts a 
generator of Y and is either a quaternion group or is cyclic of order 4; in the 
latter case necessarily Y # 1. 
Proof By the theorem L is real only when L = K, P = M. So assume 
L, E C in the sequel. Then the decomposition group r, is generated by the 
complex conjugation. From the theorem it follows that each element of P, 
must centralize or invert a generator of N = MY. Since C,(N) = M, this 
gives 1 P,/Mj = [,( 1) = 2. 
If m,(X) = m,(i,) # 1, then P, cannot split over M. We infer that either 
P, is a quaternion group or P, is cyclic of order 4 and Y # 1 (1 MI = 2). The 
converse follows in both cases from the fact that - 1 is not a sum of 2 
squares in K,z R. m 
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The Schur index over the reals can be computed, at least in theory, by 
means of the Frobenius-Schur count. It certainly could be used to establish 
the reverse direction in the preceding application. Note that several results 
in Gow [9] (e.g., Theorems 2.5 and 4.5) become obvious now. 
It is an immediate consequence of the theorem that rn,(~)~ is a divisor of 
IG( and that m,(x) divides exp(G) (Fein-Yamada). It also covers the main 
result in Benard-Schacher [2]; we discussed this already in the course of 
the proof. This is the basis for our final 
APPLICATION 8 (Solomon-Feit). Ifrn,(~)~ = p” for some prime p, then 
2 belongs to a p-block of G with defect >a. 
Proof: We know that KzQ(x) contains the p”th roots of unity. 
Assume first that p” > 2. Then there is an element g E G such that x(g) # 0 
and that the p-part g,, has order divisible by pa. By a theorem of Green 
[lo] g, lies in some defect group of the p-block containing x, as required. 
It remains to show that m,(X) is odd in case p = 2 and x is of 2-defect zero. 
But then x(x) = 0 for any element x # 1 in a Sylow 2-subgroup T of G and 
so 
<x, (lTJG)= (XT, l~)=~(lYlTl 
is an odd integer. This gives what we wanted. 1 
Feit proved in [6] a stronger result. 
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